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Abstract
We give a representation of any integer as a vector of the Witt ring W(Zp) and relate it to the Fermat
quotient q(n) = (np−1 − 1)/p. Logarithms are introduced in order to establish an isomorphism between
the commutative unipotent groups 1 + pW(Zp) and W(Zp).
© 2007 Elsevier Inc. All rights reserved.
MSC: 11A07; 11A15
For each prime p, the subring W(Zp) of Zp-rational points of the Witt ring, introduced by
Witt in [12], contains an isomorphic image of Z as a proper subring. Moreover, the ring W(Zp)
is isomorphic to the ring of p-adic integers (see e.g. [7, Chapter 2, §13]).
Representing an integer as a Witt vector ofW(Zp) provides an effective tool for computations
modulo p2. The aim of this paper is just to introduce such a tool and show how it can be applied
by giving alternative proofs of some classical results in number theory concerning the Fermat
quotient. A formula for the Fermat quotient is given in Proposition 3.
For the reader’s comfort we recall briefly the algorithm for the construction of the Witt ring
(see [4, Chapter 5, §§1, 3, 4]).
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Let p  2 be a prime number and define for any n ∈ N the Witt polynomial
Φn(x0, x1, . . . , xn) = xp
n
0 + pxp
n−1
1 + · · · + pnxn.
Thereafter define recursively the polynomials S0 = S0(x0, y0), S1 = S1(x0, x1, y0, y1), S2 =
S2(x0, x1, x2, y0, y1, y2), . . . which have coefficients in Z through
Φk(S0, S1, . . . , Sk) = Φk(x0, x1, . . . , xk) + Φk(y0, y1, . . . , yk) (1)
and one has
S0(x0, y0) = x0 + y0,
S1(x0, x1, y0, y1) = x1 + y1 + ϕ1(x0, y0),
S2(x0, x1, x2, y0, y1, y2) = x2 + y2 + ϕ2(x0, x1, y0, y1),
...
In particular, putting
{
p
i
} = 1
p
(
p
i
) ∈ Z one has ϕ1(x0, y0) = −∑p−1i=1 {pi }xi0yp−i0 (cf. [4, II, §3,
4.6, p. 197]).
Since each polynomial Sk has integral coefficients, the corresponding polynomials Sk can be
defined, taking the coefficients modulo p. Putting
(x0, x1, x2, . . .) +W (y0, y1, y2, . . .) = (S0, S1, S2, . . .), (2)
one obtains an additive group operation on the set W(Zp) of sequences of elements of Zp .
According to a consolidated notation [4, Chapter 5, §§1, 3, 4], the element (a,0,0, . . .) ∈W(Zp)
is denoted by aτ (the Teichmüller representative of a). Since
pk(a0, a1, . . . , ak, . . .) = (0,0, . . . ,0︸ ︷︷ ︸
k
, a0, a1, . . .)
and (a0, a1, a2, . . .) = (a0,0, . . .) +W (0, a1, a2, . . .), any element of W(Zp) can be written as a
series (a0, a1, . . . , ak, . . .) =∑∞i=0Wpiaτi .
For p > 2 we have −(x0, x1, x2, . . .) = (−x0,−x1,−x2, . . .) whereas for p = 2 we have
−(x0, x1, x2, . . .) = (x0, x1 + x0, x2 + x1 + x0 + x0x1, . . .). A multiplication on W(Zp) can be
defined putting aτ · bτ = (ab)τ , i.e.
∞∑
W
i=0
piaτi ·
∞∑
W
i=0
pibτi =
∞∑
W
i=0
pi
( ∑
W
r+s=i
aτr b
τ
s
)
.
Such a multiplication makes W(Zp) a domain of characteristic zero, the invertible elements of
which are the sequences (a0, a1, a2, . . .) of elements of Zp with a0 = 0. Of course the ground
subring 〈1〉 generated by 1 = 1τ is isomorphic to Z. The following proposition gives the repre-
sentation of an arbitrary integer as an element of W(Zp).
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such that Φk(a0, . . . , ak) = n. Then
(i) a0 = n and ak+1 =∑ki=0 1pk−i+1 (apk−ii − apk−i+1i ) ∈ Z;
(ii) n · 1 = (a0, a1, . . .);
(iii) if p does not divide n, then n divides each ak .
Proof. (i) Since n = Φk(a0, . . . , ak) = Φk+1(a0, . . . , ak+1) we have
a
pk
0 + pap
k−1
1 + · · · + pkak = ap
k+1
0 + pap
k
1 + · · · + pk+1ak+1. (3)
Hence ak+1 =∑ki=0 1pk−i+1 (apk−ii −apk−i+1i ). The fact that ak+1 is an integer follows by induction
on k, since the identity mpt ≡ mpt+1 (pt+1) holds for any m ∈ Z.
(ii) We note that Φk(1,0, . . . ,0) = 1 and prove the assertion by induction on n. Let
b0, . . . , bk ∈ Z be such that Φk(b0, . . . , bk) = n − 1 and a0, . . . , ak ∈ Z be such that
Φk(a0, . . . , ak) = n. Hence, for any k  0, we find Φk(a0, . . . , ak) = Φk(b0, . . . , bk) +
Φk(1,0, . . . ,0), yielding by (1)
(a0, a1, . . .) = (b0, b1, . . .) +W (1,0, . . . ,0) = (n − 1) · 1 +W 1 = n · 1.
(iii) The first term a0 is equal to n and, by induction on k, the claim follows by (3). 
Remark 1. We remark that the second term of n · 1 is a1 = −nq1(n), where q1(n) = np−1−1p is
the Fermat quotient of n.
Since pk(x0, x1, . . . , xk, . . .) = (0,0, . . . ,0︸ ︷︷ ︸
k
, x0, x1, . . .) the truncation (x0, . . . , xk−1] after the
first k coefficients of the sequences gives in turn a ring Wk(Zp) isomorphic to the ring Zpk =
Z/pkZ. Therefore it is natural to define a congruence in W(Zp) putting x ≡ y (pk) if and only
if the truncation after k coefficients of x and y gives in turn the same element of Zpk , that is if
(x0, . . . , xk−1] = (y0, . . . , yk−1].
Assume (p,n) = 1. By Proposition 1, if a0, . . . , ak ∈ Z are such that Φk(a0, . . . , ak) = n,
then n divides any entry ai . Thus we can define a series of functions qi : {Z−pZ} → Z, qi (n) =
− 1
n
ai , the first of which is the Fermat quotient. From now on we identify n with n · 1 and we
write n = (a0, a1, a2, . . .) = (n,−nq1(n),−nq2(n), . . .), taking the entries modulo p. We write
furthermore
n = (n,−nq1(n),−nq2(n), . . .)= nτ (1,−q1(n),−q2(n), . . .)
and we extend the functions qi to the whole ring W(Zp) putting, for any x = (x0, x1, x2, . . .)
with x0 = 0, qi (x) = −xix−10 .
We recall two basic properties of the Fermat quotient q1(n) which, according to Dickson
[5, p. 105], were noted first by Eisenstein in 1850. One can easily derive them directly by the
definition, but we get them by the above representation.
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q1(ab) ≡ q1(a) + q1(b) (p) (4)
can be found computing the product ab = (ab)τ (1,−q1(ab), . . .) in the Witt ring W2(Z) of
integers modulo p2, since we have
aτ
(
1,−q1(a)
] · bτ (1,−q1(b)]= (ab)τ (1,−q1(a) − q1(b)].
(ii) The Fermat quotient q1 cannot be defined on Zp because
q1(a + pt) ≡ q1(a) − t/a (p), (5)
for a not a multiple of p, a congruence that is easily deduced by the fact that a +pt modulo
p2 can be obtained both as(
a,−aq1(a)
]+W (0, t] = (a,−aq1(a) + t]
and ((a + pt),−(a + pt)q1(a + pt)].
Remark 2. As a consequence of (5) the Fermat quotient q1 is defined on Z∗p2 and, ac-
cording to (4), it behaves like a discrete logarithm: let ax ≡ y (p2), then comparing ax =
(ax,−axxq1(a), . . .) with y = (y,−yq1(y), . . .) we find xq1(a) ≡ q1(y) (p). Thus, if
q1(a) ≡ 0 (p),
loga y ≡ q1(y)/q1(a) (p).
On the other hand, as a matter of fact we have
(p − 1) ln(z) = ln(1 + pq1(z))
= p(q1(z) − 1/2pq1(z)2 + 1/3p2q1(z)3 − · · ·).
Therefore the Fermat quotient q1(z) not only behaves like a modular logarithm, it actually is
−p−1 ln(z) modulo p. Further arguments will be shown in Remarks 4 and 5.
The following proposition extends to the functions qi the basic properties of the Fermat quo-
tient q1.
Proposition 2. Let x, y ∈ Z be such that (p, x) = (p, y) = 1. For any integer k  2 we have
(i) if x ≡ y (pk) then qi (x) ≡ qi (y) (p), for any i = 1, . . . , k − 1,
(ii) if qi (x) ≡ 0 (p) for any i = 1, . . . , k − 1, then qk(xy) ≡ qk(x) + qk(y) (p).
Proof. The first assertion follows comparing the truncation (x0, . . . , xk−1] and (y0, . . . , yk−1].
The second one follows by computing the product
xy = (xy,−xyq1(xy),−xyq2(xy), . . .). (6)
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xy = (xτ0 +W pk(xk, . . .))(y0, y1, y2, . . . , yk, . . .)
= (x0y0, x0y1, x0y2, . . . , x0yk−1, x0yk + xky0, . . .). (7)
Comparing (6) with (7) we find −xyqk(xy) = x0yk + xky0. The assertion follows because xk =
−xqk(x) and yk = −yqk(y). 
As we have seen in (2), the addition in W2(Zp) is given by
(a0, a1] +W (b0, b1] =
(
a0 + b0, a1 + b1 + ϕ1(a0, b0)
]
where ϕ1(a0, b0) = −∑p−1i=1 {pi }ai0bp−i0 . Once we recognise that{
p
i
}
= 1
p
(
p
i
)
= (p − 1)(p − 2) · · ·
(
p − (i − 1))
1 · 2 · · · (i − 1) · i ≡ (−1)
i−1 1
i
(p),
we can write
ϕ1(a0, b0) ≡ −
p−1∑
i=1
(−1)i−1 1
i
ai0b
p−i
0 (p). (8)
The latter is a meaningful identity for computations modulo p2, since we recover the formula for
q1 in Proposition 3 which generalises the celebrated identity
2q1(2) ≡
p−1∑
i=1
(−1)i−1 1
i
(p)
stated in 1850 by Eisenstein, as well as Gleisher’s result of 1900 stating that
−2q1(2) ≡
p−1∑
i=1
2i
i
(p).
The following proposition can be of some use for the computation of q1(n) in the case where n
does not factorize as a product of small primes but n + 1 or n − 1 does.
Proposition 3. Let p > 2. Then
(n + 1)q1(n + 1) ≡ nq1(n) +
p−1∑
i=1
{
p
i
}
ni (p)
≡ nq1(n) +
p−1∑
(−1)i−1 1
i
ni (p)i=1
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p−1∑
i=1
(−1)i−1
{
p
i
}
(n + 1)i (p)
≡ nq1(n) −
p−1∑
i=1
1
i
(n + 1)i (p).
Proof. The first equivalence occurs because(
n + 1,−(n + 1)q1(n + 1)
]= (n,−nq1(n)]+W (1,0]
= (n + 1,−nq1(n) + ϕ1(n,1)]
and the second one is a consequence of (8). A basic property of group cohomology yields
δ2ϕ1 (x, y, z) = ϕ1(x, y) + ϕ1(x + y, z) − ϕ1(y, z) − ϕ1(x, y + z) = 0,
hence ϕ1(a, b) + ϕ1(a + b,−b) = 0. Thus for a = n and b = 1 we find
ϕ1(n,1) = −ϕ1(n + 1,−1)
and the other two equivalences follow. 
Remark 3. Let p > 2. By the above Proposition 3, recursively we find
(n + 1)q1(n + 1) ≡
p−1∑
i=1
(−1)i−1
i
(
1 + 2i + 3i + · · · + ni) (p)
≡ −
p−1∑
i=1
1
i
(
1 + 2i + · · · + (n + 1)i) (p).
Notice that the representation of an integer n in W(Zp) as n = (n0, n1, . . .) differs, in general,
from the base p expansion of n. However, if n =∑ki=0 ipi with i ∈ {−1,0,1}, then we have,
as well,
n =
k∑
W
i=0
piτi = (0, . . . , k,0,0, . . .).
In particular, for p = 2,3, any positive integer has only finitely many non-zero coefficients,
when we represent it as a Witt vector, whereas for p > 3 the question whether any integer
has only finitely many non-zero coefficients appears more involved. For p = 3 even every neg-
ative integer has only finitely many non-zero coefficients in the Witt representation, because
−(x0, x1, x2, . . .) = (−x0,−x1,−x2, . . .), but this does not occur for p = 2, since
−1 ≡
k∑
i=0
2i
(
2k+1
)
implies −1 = (1,1,1, . . .).
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For any 0 = x ∈ W(Zp) let kx be the smallest integer such that x ≡ 0 (p1+kx) and let
(x0, x1, . . .) ∈W(Zp) be such that x = pkx(x0, x1, . . .) (hence x0 = 0). Since (x0, x1, x2, . . .) =
xτ0 (1, x1x
−1
0 , x2x
−1
0 , . . .) we can write
x = pkxxτ0
(
1, x1x−10 , x2x
−1
0 , . . .
)
.
Let kx = 0, i.e. let x = (x0, x1, . . .) be such that x0 = 0. Then x is invertible in W(Zp), because
for any k > 0 the truncated vector x = (x0, x1, . . . , xk] is invertible in Wk(Zp) = Zpk . We can
therefore extend W(Zp) to a field, isomorphic to the field of p-adic numbers Qp , if we simply
allow kx to be negative, i.e.
Qp =
{
x =
∞∑
W
i=kx
pixτi : kx ∈ Z, xkx = 0
}
∪ {0}.
Writing each element of Qp as x = pkx(x0, x1, . . .), the p-adic valuation |x| is thereafter defined
by |x| = p−kx , whereas one puts |0| = 0. Manifestly we have
(1) |x| 0, moreover |x| = 0 ⇔ x = 0,
(2) |x| 1 ⇔ x ∈W(Zp), and |x| = 1 ⇔ x ≡ 0 (p),
(3) |xy| = |x| · |y|,
(4) |x + y|max (|x|, |y|) |x| + |y|,
hence the p-adic valuation is a non-archimedian valuation.
The decomposition x = xτ0 (1, x1x−10 , x2x−10 , . . .) says that the multiplicative group W(Zp)∗
is the direct product of
U= {1 +W px: x ∈W(Zp)}
by the subgroup {xτ0 : x0 ∈ Z∗p} ∼= Z∗p .
More generally, for any x = pkxxτ0 (1, x1x−10 , x2x−10 , . . .) ∈ Q∗p we can write
x = |x| −1xτ0 xU
with xU = (1, x1x−10 , x2x−10 , . . .) ∈ U and we see that such a decomposition gives an isomor-
phism Q∗p → Z ⊕ Z∗p ⊕ U. A fact which is basic for the following arguments is that −1 ∈ U if
and only if p = 2.
It is well known that the logarithm series converges with respect to the p-adic valuation for
elements y = 1+px (see [2, Theorem 3.2, p. 49]). Moreover, for p > 2 the logarithm is bijective
on such a set, whereas for p = 2 it is invertible on the set of elements y = 1 + 4x, only (see [2,
Theorem 3.3, p. 51]). This can be seen easily in terms of Witt vectors.
A basic property of formal power series states that, if the series
ln(x) =
∞∑
(−1)i−1 1
i · 1R (x − 1R)
ii=1
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ln(xy) = ln(x) + ln(y). In case R =W(Zp), the term 1i·1 (x −W 1)i makes sense if x ∈ 1 +W
pW(Zp) = U, because on any truncation the series becomes a polynomial. On the other hand the
pth power
(x −W 1)p = (x0 − 1, . . .)p = (x0 − 1, . . .)
is a multiple of p precisely if x0 ≡ 1.
We define a homomorphism from the multiplicative group Q∗p , isomorphic to Z ⊕ Z∗p ⊕ U,
to the additive group W(Zp) mapping x = |x|−1xτ0 xU ∈ Q∗p to p−1 ln(xU), where the function
(p−1 ln) is defined on U by
p−1 ln(1 +W px) = x −W 1/2px2 +W 1/3p2x3 −W · · · .
The homomorphism (p−1 ln) is surjective because each kth truncation of the image of (p−1 ln)
is a subgroup of (and hence equal to) the finite cyclic group Wk(Zp) = Zpk .
For p > 2 we see that p−1 ln(1 +W px) = 0 if and only if x = 0, thus (p−1 ln) is an iso-
morphism between U and W(Zp). The inverse (p−1 ln)−1 :W(Zp) → U is the exponential map
(exp · p)
x → exp(px) =
∞∑
W
i=0
1
i! · 1 (px)
i .
Remark 4. We remark that the truncation after the first k coefficients of (p−1 ln)(1 +W px)
defines an epimorphism from U onto Wk(Zp) = Zpk , the kernel of which is Upk . Furthermore,
(p−1 ln) defines an epimorphism
(x0, x1, . . . , xk−1] →
(
p−1 ln
)
(1, x1/x0, . . . , xk−1/x0]
from the multiplicative group of Wk(Zp) = Zpk onto the additive group Wk−1(Zp) = Zpk−1
which we still denote by (p−1 ln). For p > 2, the kernel of this epimorphism is again the sub-
group {xτ0 : x0 ∈ Z∗p} and we find the well-known fact that the multiplicative group
Wk(Zp)
∗ = {aτ0 (1, a1, . . . , ak−1]: ai ∈ Zp, a0 = 0}
of invertible elements ofWk(Zp) = Zpk is isomorphic to Z∗p ⊕Zpk−1 (cf. for instance [7, p. 91]).
Remark 5. For |x| = 1 we have
x → p−1 ln(xU) ≡ −q1(x) (p),
a fact that we had paid in advance in Remark 2.
For p = 2 the map (2−1 ln) : U→W(Z2) is not injective in view of the fact that −1 ∈ U and
0 = 2−1 ln(1) = 2−1 ln((−1)2)= 2(2−1 ln(−1)).
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2−1 ln(1 +W 4x) =
(
0, x0, x1 + x0, x2 + x0(x1 + 1), . . .
)
is a subgroup of (and hence equal to) the finite cyclic group 2Wk(Z2) = Z2k−1 , we see that
(2−1 ln) : 1 +W 4W(Z2) → 2W(Z2) is surjective, indeed bijective. Thus (2−1 ln) defines an
epimorphism from the multiplicative group of Wk+2(Z2) = Z2k+2 onto the additive group
Wk(Z2) = Z2k with kernel {1,−1} and we find an alternative proof of the fact that for any
k  1 the multiplicative group of invertible elements of Z2k+2 is isomorphic to Z2 ⊕ Z2k (cf. for
instance [7, p. 91]).
Remark 6. The map (2−2 ln) : 1 +W 4W(Z2) →W(Z2) has an inverse (exp · 4) :W(Z2) →
1 +W 4W(Z2) defined putting
exp(4x) =
∞∑
W
i=0
1
i! · 1 (4x)
i = 1 +W 4x +W 8x2 +W 32/3x3 +W · · · ,
the first terms of which are (1,0, x0, x1 + x0, x2 + x0x1, . . .).
Applying the logarithm to the pth powers of elements of W(Zp) one sees furthermore:
Proposition 4. Let p > 2 and x0 ≡ 0 (p). Then in the Witt ringWn+2(Zp) we have for any n 1
(x0, x1, . . . , xn+1]pn = (x0,0,0, . . . ,0, x1].
Things change for p = 2, since we have
Proposition 5. In the Witt ring Wn+3(Z2) we have for any n 1
(1, x1, . . . , xn+2]2n = (1,0,0, . . . ,0, x1 + x2].
Proof. If (1, x1, . . . , xn+2] ∈ 1 +W 4Wn+3(Z2), i.e. x1 = 0, the proof is again an application of
the logarithm. If x1 = 1 we have to remark that
(1,1, x2] = −1 · (1,0,1 + x2]
and the assertion follows, because (−1)2n = 1. 
We end the section with the following proposition, which reduces to Fermat little theorem for
k = 1.
Proposition 6. Let n ∈ N be a given natural integer. For any k = 0,1, . . . one has
Φk(n,n, . . . , n) − Φk−1(n,n, . . . , n) ≡ pkn
(
1 + k(q1(n) + εq2(n))) (pk+1),
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ε =
{
0, if p > 2,
1, if p = 2.
Proof. Let n = (x0, x1, . . .). As Φk(n, . . . , n) = npk + pnpk−1 + · · · + pk−1np + pkn, Proposi-
tions 4 and 5 yield
Φk(n, . . . , n) ≡ (x0,0, . . . ,0, x1 + εx2] + (0, x0,0, . . . ,0, x1 + εx2] + · · ·
+ (0,0, . . . , x0,0, x1 + εx2] + (0,0, . . . ,0, x0, x1 + εx2]
≡ (x0, x0, . . . , x0, x0,0] +
(
0,0, . . . ,0, (k + 1)(x1 + εx2)
] (
pk+2
)
.
As this means
Φk(n, . . . , n) − Φk−1(n, . . . , n) ≡
(
0, . . . ,0, x0 − k(x1 + εx2)
] (
pk+1
)
,
the claim follows. 
3. Classical results on Fermat quotients
Some classical results in number theory become manifest using the above representation of Z.
(1) Recall that a prime p is a Wieferich prime if q1(2) ≡ 0 (p). An Internet based search [8] has
recently shown that the only Wieferich primes smaller than 1.25 · 1015 are 1093, 3511 (see
also [3,9] and http://www.loria.fr/~zimmerma/records/Wieferich.status). If p | 2n ±1 with p
and n relatively prime, then p is a Wieferich prime iff p2 also divides 2n ± 1. This can be
easily proved using Witt vectors. In fact
2n = ∓1 + pt = (∓1, t0, t1, . . .)
where t = (t0, t1, . . .). Since on the other hand 2n = (2n,−n2nq1(2), . . .), it follows that
t0 = 0, i.e. p | t , if and only if q1(2) ≡ 0 (p).
(2) In a paper of Mirimanoff dated 1910 [11] appeared implicitly the following result, for which
we give a direct proof: for a Fermat prime p = 2r + 1 (r a power of 2), or a Mersenne prime
p = 2r − 1 (r an odd integer), we have from the one hand
2r = (2r ,−2r rq1(2), . . .)= (∓1,±rq1(2), . . .),
whilst on the other hand
p ∓ 1 = (∓1,1, . . .),
that is, ±rq1(2) ≡ 1 (p).
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±t (p), if t and r are defined by ar = ±1 + tp. We obtain this by comparing
ar = (ar,−arrq1(a), . . .)= (±1,∓rq1(a), . . .) with
±1 + tp = (±1,0, . . .) + (0, t, . . .) = (±1, t, . . .).
(4) A prime p is a Wilson prime if (p − 1)! + 1 ≡ 0 (p2). The only Wilson primes smaller than
5 · 108 are 5,13,563. In [10] Lerch proved that W = (p−1)!+1
p
≡∑p−1i=1 q1(i) (p), hence p
is a Wilson prime if and only if
∑p−1
i=1 q1(i) ≡ 0 (p). This can be easily proved representing
(p − 1)! as Witt vectors: since
(
(p − 1)!,−(p − 1)!q1
(
(p − 1)!), . . .)=
(
−1,
p−1∑
i=1
q1(i), . . .
)
,
then pW = (p − 1)! + 1 = (0,∑p−1i=1 q1(i), . . .).
In view of the above statement one could be tempted to look for primes p such that the
Fermat quotient q1 induces an injective map Z∗p → Zp . Unfortunately this is never the case:
in fact, in view of Remark 4 we can choose an integer k with 1 < k < p2 such that kp−1 ≡
1 (p2), which means q1(k) ≡ 0 (p). This yields q1(ak) ≡ q1(a) (p) for any a ∈ Z. If it were
k ≡ 1 (p), then k = (1,−kq1(k), . . .) = (1,0, . . .) ≡ 1 (p2), but we have chosen 1 < k < p2.
Hence ak ≡ a (p) for any a ∈ Z∗p and the non-injectivity of q1 : Z∗p → Zp follows.
(5) In [10] it is proved that ∑p−1i=1 iq1(i) ≡ 2−1 (p). This can be proved computing ∑p−1i=1 i =
p
(p−1)
2 in W2(Zp) as follows: on the one hand, we have
p−1∑
i=1
(
i,−iq1(i)
]= (0, p − 1
2
]
.
On the other hand, coupling i with p − i we have
p−1∑
i=1
(
i,−iq1(i)
]=
p−1
2∑
i=1
((
i,−iq1(i)
]+ (p − i,−(p − i)q1(p − i)])
=
p−1
2∑
i=1
(
0,−iq1(i) − (p − i)q1(p − i)
]
,
because ϕ1(i,−i) = 0.
(6) In 1997 Agoh, Dilcher and Skula [1] proved the following: suppose that m ∈ N is such that
tϕ(m) ≡ 1 (m2), for a suitable integer t ∈ N, where ϕ is the Euler totient function. Then
tp−1 ≡ 1 (p2), if p | m and p does not divide q − 1 for any other prime factor q of m.
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dividing m. Since p2k divides m2, which in turn divides tϕ(m) − 1, we have
tϕ(m) ≡ (1,0, . . . ,0] (p2k).
On the other hand, putting ϕ(m) = (p − 1)pk−1s, with (p, s) = 1, Proposition 4 yields
tϕ(m) = (t (p−1)s)pk−1 ≡ (t (p−1)s ,0, . . . ,0︸ ︷︷ ︸
k−1
,−t (p−1)sq1
(
t (p−1)s
)] (
pk+1
)
.
As 2k  k + 1, comparing the truncated vectors we see that q1(t(p−1)s) ≡ 0 (p), i.e.
q1(t) ≡ 0 (p).
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